ABSTRACT. Several recent papers have considered the Ramsey-theoretic problem of how large a subset of integers can be without containing any 3-term geometric progressions. This problem has also recently been generalized to number fields and F q [x]. We study the analogous problem in two noncommutative settings, quaternions and free groups, to see how lack of commutivity affected the problem. In the quaternion case, we show bounds for the supremum of upper densities of 3-term geometric progression avoiding sets. In the free groups case, we calculate the decay rate for the greedy set in x, y : x 2 = y 2 = 1 avoiding 3-term geometric progressions.
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INTRODUCTION
Classically, there has been interest in how large a set can be while still avoiding arithmetic or geometric progressions. In a 1961 paper Rankin [Ran] introduced the idea of considering how large a set of integers can be without containing terms which are in geometric progression. He constructed a subset of the integers which avoids 3-term geometric progressions and has asymptotic density approximately 0.719745. Brown and Gordon [BG] noted that the set Rankin considered was the set obtained by greedily including integers subject to the condition that such integers do not create a progression involving integers already included in the set.
This question has been generalized to number fields [BHMMPTW] and polynomial rings over finite fields [AFGMMMM] . The purpose of [BHMMPTW] was to see how changing from subsets of Z to subsets of number fields affected the answer, while in [AFGMMMM] it was to see how the extra combinatorial structure of F q [x] affected the tractability and features of the problem. In our case, we wish to see how non-commutativity affects the answer.
The first half of this paper (Sections 2 through 5) is dedicated to studying the problem in the Hurwitz order quaternions, Q Hur (see Section 2 for a review of their properties). We consider sets avoiding geometric progression of the form a, ar, ar 2 with a, r ∈ Q Hur , being careful to specify the order of multiplication due to the non-commutativity of the algebra. We produce some bounds on the supremum of upper densities of sets avoiding 3-term geometric progressions, and use Rankin's greedy set to construct a similar set avoiding 3-term geometric progressions in the Hurwitz order quaternions. We also discuss the peculiarities of this setting in Section 5. The second half (Section 6) is dedicated to studying the question in the setting of free groups. We arrive at the following results. When considering a non-commutative analogue of the geometric-progression-free set problem, the quaternions are a natural choice to consider first, as they form a non-commutative algebra and have a norm. The Hamiltonian quaternions can be subdivided into two orders with integral properties: the Lipschitz and the Hurwitz orders. We will restrict our attention to the Hurwitz order of quaternions, due to the existence of prime factorization in the Hurwitz order.
Definition 2.1. Quaternions constitute the algebra over the reals generated by units i, j, and k such that 
That is, the factorization is unique up to unit-migration, also known in this setting as metacommutation.
For a proof see Chapter 5.2, Theorem 2 in [ConSm] .
We need a few facts about Hurwitz order quaternions to calculate some of the densities and bounds. Namely, we want to know the number of Hurwitz quaternions up to a certain norm, the number of Hurwitz quaternions of a particular norm, and the proportion of Hurwitz quaternions whose norm is divisible exactly by p n . Readers with knowledge of the Hurwitz quaternions may wish to skip Section 2.1 and briefly skim Section 2.2. Section 2.1 will be used throughout, and Section 2.2 will specifically be useful for Section 4. For a more in-depth discussion of the Hurwitz order, see Chapter 5 in [ConSm] .
2.1. Counting quaternions up to a given norm. We wish to count the number of Hurwitz quaternions with norm in [0, M] . In order to do this, we need the number of quaternions of a specific norm. See [ConSm] for a proof. This fact allows us to prove the following lemma.
Lemma 2.6. The number of Hurwitz quaternions with norm less than or equal to M is
Proof. The number of Hurwitz quaternions up to some norm M is
Note that in the third line, we used the fact that the sum of the first n odd numbers is n 2 . 
(2.7)
Proof. We first calculate the proportion of Hurwitz quaternions whose norm is divisible by p n but not by p n+1 . Consider the set S(N), the set of Hurwitz quaternions with norm greater than or equal to N. Since we can always find a factorization of h based off any permutation of the prime factors of N(h) (Theorem 2.4), we can always write h = PH (2.8) where N(P) = p k , with k being the largest power of p that divides N(h). There are 24 ways to write h in this form, since h = Pu · u −1 H as well. Thus the proportion of elements of S(N) that have at least a factor of p n in their norm is
From Lemma 2.5 we calculate that for an odd prime p,
by Lemma 2.6 . Substituting all this information into Equation (2.9)
Subtracting the proportion of S(N) of elements whose norm is at least divisible by p n+1 and taking the limit as N → ∞, we get the proportion of elements of S(N) whose norm is divisible by p n but not divisible by
Taking the limit N → ∞ gives the proportion of Q Hur whose norm is exactly divisible by p n .
(2.13) An analogous calculation for p = 2, using that S({2 k }) = ∑ 2∤d|2 k d = 1, gives us that the proportion of elements whose norm is exactly divisibly by 2 n is 2 2 − 1 2 2 2 2n = 3 4 · 2 2n .
(2.14)
3. BOUNDS ON THE SUPREMUM OF THE UPPER DENSITIES 3.1. Lower bound. Viewing the Hurwitz quaternions embedded into R 4 , we use the fact that the norm of the smallest non-unit Hurwitz quaternion is 2 to construct a union of six hyperspheric annuli that does not contain any geometric progressions. Note that we are restricting our geometric progressions to those formed by multiplication on the right by a constant ratio in the Hurwitz order. We choose the norm ranges, i.e., unions of intervals in R ≥0 , that induce these annuli to avoid geometric progressions in the norm, which implies we avoid geometric progressions in the quaternion elements themselves. This construction is done in [McN] for the integers. Since every integer is realized as the norm of a Hurwitz quaternion, the intervals chosen there also work in our case.
For S(M), M large, consider S((M/4, M]).
Since the smallest non-unit ratio for a geometric progression is 2, this set has no 3-term progressions in the norms, and thus cannot have any 3-term progressions in its elements. Thus, the proportion of elements in
(3.1) As M → ∞ this proportion goes to 1 − 1/16 = 15/16. We can get a higher proportion by including more annuli. We define
The proof that S N avoids geometric progressions can be found in Theorem 3.1 of [McN] . The upper density of this set is the proportion which to six decimal places is .946589.
Upper bound.
We generalize a construction done in [McN] where we show a certain proportion of elements are forced to be removed to avoid three-term progressions. Namely, we look at disjoint 3-tuples (b, rb, r 2 b), from which one element must be excluded. We pick r to have the smallest norm, 2, to get a large number of exclusions. By Lemma 2.5, there is one prime r of norm 2 up to unit multiples on either side. As an analogue of "coprime", by Lemma 2.7, three-fourths of Hurwitz quaternions have no power of 2 in their norm, and thus contain no factors of r in their factorization. 
(3.5) 5 We can improve this bound slightly by considering more b, though just taking the b above is already quite close to the truth. Looking at b's in S(M/2 2 ), S(M/2 5 ), S(M/2 8 ), . . . we get an upper bound of
(3.6)
From the two subsections, we get the following. 
DENSITY OF RANKIN'S QUATERNION GREEDY SET
Consider the set G * 3 (Z) = {1, 2, 3, 5, 6, 7, 8, 10, 11, 13, 14, . . . }, which we refer to as Rankin's (geometric) greedy set; G * 3 (Z) is the set formed by greedily including integers that do not form 3-term geometric progressions with the previous elements. Since geometric progressions give arithmetic progressions in their terms' prime powers, G * 3 (Z) is the set of elements whose prime factors' exponents are all in A * 3 (Z) = {0, 1, 3, 4, 8, 10, 12, 13 . . . }, the set formed by greedily taking integers that do not form an arithmetic progression. Let A * 3 (Z) be the set of integers whose ternary expansion do not contain the digit 2. Definition 4.1. We define Q Ran as the set of Hurwitz quaternions whose norm is in Rankin's greedy set:
Since this set avoids progressions in the norms of its elements, it avoids progressions in its quaternion elements. We wish to deduce the density of this set. We do this be calculating the probably that an element has norm divisible by a suitable power of p.
Theorem 4.2. The asymptotic density of Q
Proof. By Lemma 2.7 the probability that the norm of a Hurwitz quaternion has norm exactly divisible by p n , for p odd, is 6) and (2 2 − 1)/(2 2 2 2n ) for p = 2. So the probability that the norm of a Hurwitz quaternion has a proper power of an odd p (that is, a power of
Note that in Equation (2.12), with respect to the p factors the expression is ∼ 1/p n , so even with the error terms we should get proper convergence of the sum. The proportion of Hurwitz quaternions with a proper power of 2 in their norm is 
By a Chinese Remainder Theorem-type argument, we get the desired product:
This sum is slowly converging and estimated at 0.771245 through computational methods. This is slightly higher than Rankin's density on the integers at about 0.719745 [Ran] due to the variation in the number of quaternions per norm that are added to Q Ran for each element of G * 3 (Z).
THE QUATERNION GREEDY SET
In a similar style to Rankin's argument, we can form a greedy set of quaternions, which we call G * 3 (Hur), by including quaternions of increasing norm so long as they do not form a geometric progression with elements of smaller norm already included in the set. This process begins with including all the unit Hurwitz quaternions of norm 1 and then considers progressively larger norms. This set will be well defined since including a particular quaternion of a given norm, n, will not create a geometric progression with any other quaternions of norm n since unit ratios are not allowed. Therefore, the greedy set will be the same regardless of the order in which quaternions of a given norm are added.
This greedy construction creates a set similar to Q Ran . However, the properties of the quaternions result in behavior that is substantially more complicated than Q Ran . For example there exist quaternions of norm 49 that cannot be written as the square of a quaternion of norm 7 multiplied by a unit on the left. For example, the quaternion 7 cannot be so represented.
Proposition 5.1. The hurwitz quaternion 7, despite having a norm, 49 which is a perfect square, cannot be represented in the form 7 = UR 2 , where U is a unit.
Proof. Suppose for contradiction that 7 can be written 7 = UR 2 as the square of a Hurwitz quaternion R of norm 7 multiplied by a unit U on the left. Then 7U −1 = R 2 . Explicitly, let U −1 = (a + bi + cj + dk), also a hurwitz quaternion and R = (e + f i + gj + hk). R has norm 7 and 7 cannot be written as the sum of three squares, e through h must be nonzero, and given the restriction on the norm of R we must have e, f , g, h ∈ {± One can similarly find that all of the quaternions in {±7, ±7i, ±7j, ±7k} cannot be so represented. So these Hurwitz quaternions of norm 49 will not be part of any geometric progression involving the units and the quaternions of norm 7. This results in some elements of norm 49 being included in G * 3 (Hur), whereas 49 is not in G * 3 (Z) and therefore no elements of norm 49 are contained in Q Ran . As a result, some items of norm 343 form a geometric progression in G * 3 (Hur) and thus are excluded while all Hurwitz quaternions of norm 343 are included in Q Ran . This sequence of inclusions and exclusions continues for all powers of 7.
This behavior is not unique to the quaternions of norm 7 and in fact occurs for all integers that cannot be written as the sum of three squares. Furthermore, any integer with an odd divisor greater than 23 poses the same problem.
Lemma 5.2. If n is divisible by an odd integer greater than 23, then there exists a Hurwitz quaternion Q of norm n 2
which cannot be written in the form Q = UR 2 , where U is a unit and R is a Hurwitz quaternion of norm n. Hence Q is not part of any 3 term geometric progression of the form U, UR, UR 2 .
Proof. Lemma 2.5 allows us to write S({n}) as 24 ∑ 2∤d|n d and S({n 2 }) as 24 ∑ 2∤d|n 2 d. Then the number of possibilities for a square of norm n multiplied by a unit on the left is 24 * S({n}). The proof will be complete if we can show that 24 * S({n}) < S({n 2 }).
Let D be the greatest odd divisor of n. Then we have
Therefore by a simple counting argument, the set of quaternions with norm n, where n has an odd divisor greater than 23, cannot square to realize all quaternions of norm n 2 .
In practice, the greedy set of Hurwitz quaternions results from a large number of these inclusions and exclusions which so far appear to be hard to predict or keep track of. As a result we do not know whether the density of G * 3 (Hur) is greater or less than the density of Q Ran . Furthermore, the large number of Hurwitz quaternions and the nature of these inclusions and exclusions has made a computational estimate of the density of this greedy set difficult.
FREE GROUPS ON TWO GENERATORS OF ORDER TWO
6.1. Introduction. We now consider the case of subsets of free groups containing no three-term geometric progressions. Due to the nature of free groups and not being able to space out geometric progressions as in the integers, this case acts much more arithmetically. In fact we get an analogue of Szemerédi's theorem: any subset of a free group with positive natural density (where the limit is taken over the length of an element) has arbitrarily long geometric progressions. We instead consider an often overlooked question. The combinatorics quickly become quite tedious, but we are able to calculate this for a free group on two generators of order two. The rest of the paper resolves this case, resulting in the following theorem. Theorem 6.2. Let G = x, y : x 2 = y 2 = 1 be the free group on two generators each of order two. Order the group as W = (I, x, y, xy, yx, xyx, yxy, xyxy, yxyx, . . . ) and take the set G formed by greedily taking elements that don't form a 3-term progression with previously added ones. Then 6.2. Density of Greedy Set. We are studying W = x, y : x 2 = y 2 = 1 , the free group generated by two elements x and y, both of order two. Order the group W = (I, x, y, xy, yx, xyx, yxy, xyxy, yxyx, . . . ) (6.4) by word length, with x < y. Let w n be the n th element in the set, so w 1 = I, w 2 = x, and so on.
Definition 6.3. Let G 1 = {I}, and recursively define G n to be G n−1 ∪ {w n } if w n does not form a geometric progression with the elements of G n−1 , and set it to be G n−1 otherwise. Define
Then G is the set formed by greedily taking elements from W that do not form 3-term progressions with the previous elements.
Our next few propositions clarify the arithmetic nature of this set. First, we order the integers alternatingly as Z A = (0, 1, −1, 2, −2, 3, . . . ) and use z n to denote the n th element. We similarly define A 1 = {0} and define A n+1 = A n ∪ {z n+1 } if z n does not form a 3-term arithmetic progression with the other elements, and set A n+1 = A n otherwise. Then
is the greedy set constructed so that it has no 3-term arithmetic progressions. Note that for an element x ∈ W with odd length, x, 1, x is a progression with ratio x. Thus G contains no odd length elements. is an isomorphism of groups that preserves the orderings on each.
Thus it suffices to work with A and to determine the density of A in Z A . The proof is a straightforward but tedious analysis of cases; we provide complete details in Appendix A. Consider the non-negative integers up to 3 n . The number of elements in this set with only 2's or 0's in their ternary expansion is 2 n . The number of elements with a single 1 in its ternary expansion and only 0s following it is likewise 2 n . As a corollary of Theorem 6.5 we get the following.
Corollary 6.6. The proportion of elements included in A 3 n is |A 3 n | |{m ∈ Z : |m| ≤ 3 n }| = 2 n+1 1 + 2 · 3 n , (6.8)
and in general we have |A n | |{m ∈ Z : |m| ≤ n}| = Θ((2/3) log 3 n ). (6.9)
As n tends to infinity, this proportion goes to zero.
Theorem 6.2 now follows by including the odd-length elements in the count for the denominator.
FUTURE WORK
It would be interesting to consider geometric-progression-free subsets of a wide variety of further noncommutative settings, matrix rings for example would be particularly interesting. There are also many questions left to be answered about the settings presented here. Our investigation of the Hurwitz quaternions naturaly raises two questions. 
